CHINESE JOURNAL 
OF ENGINEERING MATHEMATICS 


Feb. 2010 Vol. 27 No. 1 


Article ID:1005-3085(2010)01-0168-05 


Some Properties of Quantum Probability* 


CHEN Zheng-li, CAO Huai-xin, DU Hong-ke 
(College of Mathematics and Information Science, Shaanxi Normal University, Xi’an 710062) 


Abstract: The following conclusions are established in this paper. The supremum of the absolute 
value of the absolute variances of an operator in a rank-one projection is equal to the 
square of the distance from the operator to the scalar operators; a density operator is 
faithful if and only if it is injective; the strong convergence on the closure of the range of a 
density operator p implies the p-a.s. convergence of the sequence; a sequence of operators 
is strongly convergent if it is p-a.s. convergent for every density operator p; if p is a faithful 
density operator, then a sequence operators is strongly convergent to A if and only if it is 
uniformly bounded and convergent to A a.s. [p]. 
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1 Introduction 


The classical probability theory was subsumed into the classical measure theory by Kol- 
mogorov in 1933. Quantum theory as nonclassical probability theory was incorporated into 
the beginnings of noncommutative measure theory by von Neumann in the early thirties. This 
type of work has also been called noncommutative probability or quantum probability theory. 
The main applications are in quantum mechanics, statistical mechanics and quantum field the- 
ory. Since the framework deals with Hilbert space operators, it is also of interest to operator 
theorists. A lot of work has been devoted to probability theory on operator algebras, such as 
C*-algebras and von Neumann algebrasl!-5]. The article [6] gave a survey of various aspects 
of operator probability theory. A combination of quantum theory and computation as well as 
probability is a powerful tool in numerical analysis!”). 

This note discusses some properties of expectations and variances, gives some necessary 
and sufficient conditions for a density operator to be faithful, and obtains some relationships 
between convergence of sequences of operators in operator probability. 


2 Some properties of expectations and variances 


In what follows, H denotes a separable infinite dimensional complex Hilbert space and B(H) 
is the set of bounded linear operators on H. The set of density operators (i.e., positive linear 
operators of trace 1) on H is denoted by D(H), and R(T) is the range of an operator T. The 
trace of a trace class operator T is denoted by tr (T). 
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Definition 2.1 Let A € B(H) and p € D(H). Then the expectation E,(A) of A in the 
state p is defined by E,(A) = tr(pA), the p-variance of A is defined by 


Var,(A) = E,((A — E,(A)Z)”), 
the p-absolute variance of A is defined by 
| Var p |(A) = E,(|A~— E,(A)I/? ). 


Theorem 2.1 For A € B(H), we have 
1) YxeH with |x] = 1, P, := £ 8 x € D(H) and 


Ep, (A) = (Ax, z£), |Var|(A) = ||Az||? — |(Az, «)|?; 
2) There exists a complex number ào such that 
sup { |Varp,|(A) : £ € H, jiz] = 1} = inf { |4 — All? :à € C} = || A — Doll. 
Proof 1) We compute that 
Ep, (A) = Ep, (A) = tr(P,A) = tr((z @ z)A) = tr(Az 8 z£) = (Ax, £). 
Hence 
| Varp, |(A) = Er, (|A|?) — |Ep, (A)|? = (|Al?a, £) — | (Az, £)? = || Asl]? — (Ax, 2)]?. 
2) By conclusion 1), we observe that 
0 < | Varp, |(A) = |(4- A)el|” — KA- A)s, 2)? < A - AIP, 
where z € H, ||xz|| = 1 and A € C. Thus 
a(A) := sup { |Varp,|(A) : £ € H, |jæl| =1} < 8(A):= inf { |A- Al? : AEC}. 


Let Woọ(T) be the maximal numerical range of an operator T € B(H), which is the set of all 
complex numbers à such that À = lim (TIn, £n) for a sequence {£n} of unit vectors in H 
with ||Ten]| > |T]| as n > oo. It has been proved that Wo(T) is not empty and there exists 
a ào € C such that 0 € Wo(T — ào) ([8]). Take a Ap € C such that 0 € Wo(A — ào). Thus, 
there exists a sequence {z,} of unit vectors in H such that Jim, ((A — Xo) fn, £n} = 0 and 
(A — Ao) trl] — |A — Aol] as n — oo. Thus 


B(A) < IA — Aol? = lim (||(A — Ao)enl? — KCA — Mo)zn, £n)I?) 


‘ïm |Varp,„|(4— Ao) = Jim, [Var p,, |(A) < a(A). 


This implies that a(A) = (A). Lastly, the continuity of the function f(A) = ||A — A|| and the 
fact that lim)... || A—A|| = +00 imply that there exists a Ap € C such that ||A—Ap|] < ||A—Al| 
for all A € C. This completes the proof. 
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The elements of D(H) of the form P, are said to be pure states on H. It follows from the 
spectral theorem of compact normal operators that every element p of D(H) can be represented 
as 


p= YO AiPao (1) 


i=1 
where à; > 0, X à; = 1 and {z; : i = 1,2,- -- } is an orthonormal basis for H. 


Definition 2.2 We say that a density operator p in B(H) is faithful if E,(A) = tr(pA) > 0 
for every nonzero positive operator A in B(H). 

Theorem 2.2 Let p be as in (1). Then the following statements are equivalent. 

(a) pis faithful. 

(b) A; >0 for all i and R(p) = H. 

(c) pis injective. 

Proof (a) = (b): Let p be faithful and assume that R(p) # H. Then N (p) #0. Clearly, 
the operator p has the matrix decomposition p = diag(p1,0) with respect to the orthogonal 
decomposition H = N(p)+ © N (p), where p, is an operator in B(N(p)+). Put 


A = diag (0, A22) : N(p)* ® N(p) = N(p)* S N (p), 


where A22 is the identity on N (p). Clearly, 0 < A Æ 0, but tr(pA) = 0. This contradicts the 
fact that p is faithful. Hence, R(p) = H. Assume that there exists ig € N such that A; = 0, 
then pz;, = 0 and so ker(p) # {0}. This contradicts the fact that R(p) = H. 

(b) > (c): Let R(p) = H. Then ker(p) = R(p)+ = {0}. Hence, p is injective. 

(c) => (a): Let (c) hold. Then R(p) = H since p is positive. Assume that A > 0 and 
tr(pA) = 0. Then tr(p? Ap?) = tr(pA) = 0. Since p? Ap? > 0, we conclude that p? Ap? =0. 
Thus, p? Ap = 0. Since p has dense range, it follows that płA = 0. Hence, pA = 0 and then 
Ap = 0. By using the fact that R(p) is dense in H again, we see that A = 0. This shows that 
p is faithful. This completes the proof. 


3 Convergence of sequences of operators 


In this section, let {A,}?2., C B(H) and p € D(H) be as in (1). 

Definition 3.1 A sequence {A,}°~, is said to be convergent to A almost surely [p], written 
as A, > Aas. [p], if limp—oo Ep(|An — Al?) = 0. {An}; is said to be p-mean convergent 
to A if limn_9. Ep(An — A) = 0. We say that {A,}°2, converges strongly to A on K C H if 
Jim, (An — A)z|| = 0 for all x € K. {A,}921 converges strongly to A if it converges strongly 
to Aon H. 

Theorem 3.1 (a) If {A,}%, converges strongly to A on R(p) then An > Aas. [o]. 

(b) If A, — A a.s. [p] for all p € D(H), then {A,}9°, converges strongly to A. 

Proof (a) Let {A,}%, converge strongly to A on R(p). Then it is uniformly bounded. 
Since x; € R(p) for all 7, there exists an M > 0 such that ||Anz;|| + ||Al| < M (Y in € N). 
Since p € D(H), we have 

Cc 
p= 5 NiPz;; 


i=l 
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Co . 
where A; > 0, 55 à; = 1 and {x;} is an orthonormal basis for H. Thus, for any e > 0, there 
i=] 
exists N € N such that 


z E 
D A< z 2° 
i=N+1 2M 
Since ||(An — A)z;|| — 0 as n > œ for i = 1,2,--- , N, there exists positive integer K such that 


N 
DAM -Aal Yn> K. 
i=l 


Thus, whenever n > K, we have 


E,(|An ~ Al?) = tr(p|An — Al?) = DAA = A)" 
y 2 oS 2 
= So Ailf(An -Arl + Y Alfin — Az: 
t=1 i=N+1 
yee 


i=N+41 
This shows that A, — A a.s. [p]. 
(b) For every x € H with ||z|| = 1, Ps := x & x € D(A), then A, > Aas. [P,]. By 
Theorem 2.1, we have Ñ 


i 
i 


: 2 ; 2 
0 jim Ep, (|An — Aj?) jim, tr( Pe|An — Aj?) 


I 


dim (An — Al?z,a) = tim ((An — A)xz, (An — A)z) 


i 


lim ||(An — A)a|}?. 


Thus, {A,}°2, converges strongly to A. This completes the proof. 


Corollary 3.1 If {A,} converges strongly to A on R(p), then {An} is mean convergent 
to A. 
Theorem 3.2 Let p be as in (1) with A; > 0 for all 7. Then 


(a) A, — A strongly on R(p) if and only if {An} is uniformly bounded and A, — A as. 
lol. 

(b) In the case where p is faithful, A, — A strongly if and only if {An} is uniformly 
bounded and A, —> A a.s. [p]. 

Proof (a) By Theorem 3.1, it suffices to prove the sufficiency. Assume that A, — A a.s. 
[po] and there exists an M > 0 such that ||A,|| < M for all n. Since 


E,( [An — Al’) = tr( p(|An = A|’)) = D (p( |An — Al? )ae, 24) 
= YOA (lAn = Al? Jai zi) = So Ail|(An ae Ajzli? 
i=1 t=1 
> Ailin — A)z;{\’, 
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and å; > 0 for all i, we conclude that Anz; — Az; as n — œ for every i and so A,r — Az as 
n — oo for every x € R(p). For any z € R(p) and every € > 0, there exists a y € R(p) such 
that ||z — y|| < e. Take an N € N such that ||Any — Ay|| < £ for all n > N. Thus, whenever 
n > N, we have 


[Anz — Az|| = ||Anz — Any + Any — Ay + Ay — Ar|| 
< [Anz — Anyl| + [| Any — Ayl| + ||Ay — Axl 
< Anlfile — yl] + Any — Ayl + l| Ay — Azli 
< (M+|All+1)e. 


Hence, An — A strongly on R(p). 
(b) Use (a) and the fact that R(p) = H. 
This completes the proof. 
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